Introduction
In 1930 Kuratowski [1] proved that a graph embeds in the plane if and only if it does not contain an embedded copy of one of the two graphs K 5 or K 3, 3 . Three years later van Kampen [5] generalized these graphs to simplicial n-dimensional complexes not embedding into R 2n and, anticipating formal cohomology theory, he gave a rough description of an obstruction o(K) ∈ H 2n Z/2 (K * , Z) which vanishes if and only if an n-dimensional simplicial complex K admits a piecewise-linear embedding into R 2n , n ≥ 3. This is also true in dimension n = 1 by Kuratowski's theorem above and the naturality of van Kampen's obstruction under embeddings. The cohomology in question is Z/2-equivariant cohomology where Z/2 acts on the deleted product K * of a complex K by exchanging the factors of K * and acts on the coefficients by multiplication with (−1) n . Many details were clarified by Shapiro [3] and Wu [6] in the 1950's. K. S. Sarkaria recently asked the first named author if it were possible that the vanishing of o(K) might also imply embeddability for n = 2. It is the purpose of this paper to exhibit a simplicial 2-complex K with 14 vertices, 43 1-cells and 69 2-cells for which o(K) is trivial but which does not admit an embedding into
there is an analogous obstruction and a high dimensional theorem analogous to van Kampen's. But setting n = 2,
⊂ S 3 the Borromean rings gives an elementary (and well known) example where although the obstruction vanishes there is no relative embedding. Our task was to "unrelativize" this simple example.
In section 2 we recall van Kampen's obstruction (generalized to a relative setting) and give a modern proof that its vanishing implies the ex-istence of a P.L. embedding into R 2n , n ≥ 3. Section 3 describes the example, proves the absence of a P.L. embedding and the vanishing of the obstruction. In section 4 we show that K does not embed, even topologically, into R 4 .
Van Kampen's obstruction
2.1. The deleted product. The deleted product K * of a simplicial complex K is the subcomplex of K × K consisting of products of pairs of simplices having no vertex in common. Note that Z/2 acts freely on K * by exchanging the factors.
Equivariant cohomology.
Let a group G act freely on a CW complex X, so that each element g ∈ G acts by a cellular homeomorphism. Denote the n-skeleton of X by X (n) . Then
If G acts freely on X and trivially on M then 
, and the cells of the top dimension intersect each other transversely in at most a finite number of double points.) R 2n is assumed to be endowed with a fixed orientation. Given such an f , following van Kampen [5] 
of the n-simplices σ and τ ). Precisely, σ × τ should be read as an oriented generator of H 2n (K * , K * (2n−1) ; Z) corresponding to that top cell, and the factors σ and τ should be oriented-there are two possible ways to do this-so that their product represents that generator. The non-trivial element of Z/2 acts on K * freely by the involution
Let the non-trivial element of Z/2 act on Z by multiplication by (−1)
module with the action of Z/2 described above. Hence the obstruction
Proof. [3, Lemma 3.5] . The cochain o f can be defined in a more general situation. Let M be a simplicial complex. Given a P.
Then o f is a cocycle and obeys the following naturality: given an inclusion i :
Here i # denotes the cochain map induced by i on the deleted products.
Given two immersions f and g of K in R 2n , we can assume that the set of vertices of f (K) and g(K) is in general position (if not, perturb f and g slightly without changing o f and o g ). Consider f and g as maps defined on the subsets K × 0 and K × 1 of K × I and extend them by linearity to a map F :
. i 0 and i 1 are homotopic via a map which is injective at each time, hence it defines a Z/2-equivariant homotopy on the deleted product, so o f and o g differ by an equivariant coboundary.
Elementary cochains. Given disjoint simplices σ and ν of dimensions n respectively
is equal to ±1 if ω contains ν on its boundary (similarly for ω × σ) and 0 on all other 2n-cells. For a given immersion f : K → R 2n van Kampen uses the following "finger move": introduce a small oriented P.L. n-sphere S ν locally linking the simplex f (ν) which has exactly one intersection point with the image of each of the n-cells containing ν on its boundary and connect S ν to f (σ) by a thin tube, disjoint from f (K) for n ≥ 2 (see figure 2.1). This changes
In other words, if we denote by g the map obtained from f as a result of this modification, then o g = o f ± δu σν . In fact, a more geometric proof of Lemma 1 can be based on the idea that any f and g may be connected by a 1-parameter family with finitely many non-general times in which o changes by ±δu σν . Proof. Let P be a point of self-intersection of f (σ), and γ a PL path homeomorphic to an interval in σ which joins the two preimage points of P and contains no singular points of f in its interior. Then f (γ) is a PL circle which bounds for n ≥ 3 a PL embedded (by general position)
is clearly collapsable (first collapse f (B) to f (γ), then collapse W ), and using this collapse 
Lemma 5. Suppose n ≥ 3. If f (σ)∩f (τ ) = ∅ for two n-simplexes σ and τ having a common vertex in K, then there is an immersion g : K −→ R 2n differing from f only on σ and τ such that the number of the intersection points between g(σ) and g(τ ) is one less than between f (σ) and f (τ ) and the rest of the singularities are unchanged.
Proof. Let σ and τ have a common vertex V in K and P ∈ f (σ) ∩ f (τ ). Let γ and γ be PL paths without self-intersections in σ and τ respectively joining V and the preimage points of P , such that γ and γ contain no singular points of f in their interiors.
Then f (γ) and f (γ ) form a PL circle which bounds for n ≥ 3 a PL 
Proof of Theorem 3. If the obstruction vanishes, then by lemma 2, there is an immersion f for which o f = 0, in other words, f (σ) · f (τ ) = 0 for any two disjoint n-cells σ and τ in K, hence f (σ) ∩ f (τ ) can be divided into pairs of intersection points of opposite signs. These singularities can be resolved using the standard Whitney trick (see e.g. [2] ). Note that the term "opposite signs" does not depend on the orientations of f (σ) or f (τ ).
The remaining singularities are all of the form described in Lemmas 4 and 5, so by an inductive application of these lemmas, an embedding K → R 2n can be produced.
The relative case. Consider now the relative embedding problem:
Given a subcomplex L n−1 of K n and a piecewise-linear embedding φ :
Note that the finger move cannot be performed on the (n−1)-cells ν of L. But the elementary cochains u σν for such ν are zero in the relative cochain group, so the proofs of lemmas 1, 2, 4 and 5 (and hence of theorem 3) remain valid in the relative setting.
3. The 2-dimensional example 3.1. The construction. Let G 7 (respectively G 7 ) be the complete graph on 7 vertices v 1 , . . . , v 7 (respectively on v 1 , . . . , v 7 ) . 
i.e. a representative of the commutator of the two generators of π 1 (E, v 1 ). Define K to be the 2-complex obtained by attaching 2-cells to G as follows:
(1) 34 2-cells to all triangles ∆ abc in G 7 , except ∆ 123 (denote them by ∆ abc ), (2) 34 2-cells to all triangles ∆ abc in G 7 except ∆ 123 (denote them by ∆ abc ), (3) a 2-cell (16-gon) to the loop L (denote it by L).
Note that G 7 with the 2-cells (1) − f (S ∪ S )), i.e. i * induces an isomorphism on H 1 (.; Z/2) and an epimorphism on H 2 (.; Z/2). Therefore, i # in the diagram below is injective.
Since π 1 (f (E)) is free, π 1 (f (E)) ω 2 is trivial [4, Theorem 6.3] , so i * is injective.
